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BOUNDED GEOMETRY AND LEAVES 


JESUS A. ALVAREZ LOPEZ AND RAMON BARRAL LUO 


Abstract. The main theorem states that any complete connected Riemannian manifold of bounded ge¬ 
ometry can be isometrically realized as a leaf with trivial holonomy in a compact Riemannian foliated 
space. 
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1. Introduction 

Recall that a foliated space X = {X, J) of dimension n is a topological space X equipped with a partition 
T into connected manifolds (leaves) so that X can be locally described as a product B x Z, where B is an 
open ball in R” and Z any topological space (local transversal), and the slices R x {*} correspond to open 
sets in the leaves. This J is called a foliated structure or lamination. Foliated spaces are usually assumed to 
be Polish to get better properties. Many basic notions about foliations can be obviously extended to foliated 
spaces, like foliated charts, plaques, foliated atlas, holonomy pseudogroup, holonomy group and holonomy 
covering of the leaves, minimality, transitivity, foliated maps, etc. Some basic results can be extended as 
well; for instance, there is an obvious version of the Reeb local stability theorem, and the union of leaves 
without holonomy is a meager subset if X is second countable. Interesting classes of foliated spaces show 
up in several areas of mathematics, like in dynamics, arithmetics, tessellations, graphs and foliation theory 
(minimal sets). 

A C°° foliated structure is given by a foliated atlas whose changes of coordinates are leafwise C°°, with 
ambient-space-continuous leafwise derivatives of arbitrary order. This gives rise to the concept of C°° foliated 
space. To emphasize the difference, the foliated structure underlying a C°° foliated structure may be called 
topological. On a C°° foliated space X = {X, T), the concept of C°° function is defined by requiring that its 
local expressions, using foliated coordinates, are leafwise C°°, with ambient-space-continuous leafwise partial 
derivatives of arbitrary order. C°° bundles and sections also make sense on X, defined by requiring that 
their local descriptions are given by C°° functions in the above sense. For instance, the tangent bundle TX 
(or FT) is the C°° vector bundle on X that consists of the vectors tangent to the leaves, and a Riemannian 
metric on X consists of Riemannian metrics on the leaves fitting together nicely to form a C°° section on 
X. This gives rise to the concept of Riemannian foliated space. 
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C°° foliated maps between C°° foliated spaces can be similarly defined; in particular, C°° foliated im¬ 
mersions, submersions, (local) diffeomorphisms and (local) embeddings between C°° foliated spaces have 
obvious meanings. If a homeomorphism between C°° foliated spaces is C°° and its restrictions to the leaves 
are diffeomorphisms, then it is a C°° diffeomorphism, as follows easily from the continuity of the inversion of 
C°° diffeomorphisms between C°° manifolds with respect to the C°° topology m p. 64, Exercise 9]. Several 
results about foliated spaces have obvious C°° versions, like the Reeb local stability theorem. 

Standard references about foliated spaces are [23] , [H Chapter 11], [3 Part 1] and [13]. See also [T] 
Section 2.1] for a quick summary of what is needed here. 

On the other hand, recall that a Riemannian manifold M is said to be of bounded geometry when it has a 
positive injectivity radius, and the m-th covariant derivative of the curvature tensor has uniformly bounded 
norm for all order m; in particular, M is complete by the positivity of the injectivity radius. The following 
are typical examples where bounded geometry holds: coverings of closed connected Riemannian manifolds, 
connected Lie groups with left invariant metrics, and leaves of compact Riemannian foliated spaces. More 
examples can be produced by using compactly supported perturbations of given Riemannian manifolds of 
bounded geometry. In fact, any smooth manifold admits a metric of bounded geometry M- We will focus 
in the case of leaves of compact Riemannian foliated spaces, showing that this example indeed characterizes 
bounded geometry. 

Theorem 1.1. Any connected Riemannian manifold of bounded geometry is isometric to a leaf with trivial 
holonomy of some compact Riemannian foliated space. 

It is commonly accepted that such a result should be true, and that it should follow by using the closure of 
the canonical embedding of the manifold into the Gromov space M* of pointed proper metric spaces m, m 
Chapter 3], or, better, into its smooth version, the space MJ°(n) of isometry classes of pointed complete 
connected Riemannian n-manifolds with the topology defined by the C°° convergence [24l Chapter 10, 
Section 3.2], [U Theorem 1.2]. However, to the authors knowledge, no complete proof has been given so far. 

A complete connected Riemannian n-manifold M is called non-periodic (respectively, locally non-periodic) 
if Iso(M) = {Mm} (respectively, the canonical projection M lso{M)\M is a covering map), where Iso(M) 
denotes the isometry group of M. The non-periodic and locally non-periodic manifolds define subspaces of 
M“(n) respectively denoted by M“„p(n) and M“jjp(n). There is a canonical map lm ■ M ^ M^(n), given 
by iAiix) = [M,x] (the isometry class of {M,x)), which induces a continuous injection lm ■ lso{M)\M —>• 
MJ°(n). The images of all possible maps lm form a partition T*(n) of MJ°(n). The restriction of T*(n) 
to M“„p(n) is denoted by 5’*,inp(fT-)- For n > 2, M“„p(n) is open and dense in M“(n), and T*,lnp(^^) is a 
Riemannian foliated space of dimension n so that each map 6 m : Af —>■ im 6 m is a local isometry and the 
holonomy covering of the leaf im6M [H Theorem 1.3]; in particular, M“„p(n) is the union of leaves with 
trivial holonomy. Moreover Cloo(im 6 m) is compact if and only if M is of bounded geometry [U Theorem 12.3] 
(see also 0 , m Chapter 10, Sections 3 and 4]), where Cloo denotes the closure operator in M“(n). Then, 
analyzing the cases where Cloo (im 6 m) C M*jnp('fj), a version of Theorem 11.11 follows assuming restrictions 
on M [TJ Theorem 1.5]. 

To prove Theorem 11.11 with complete generality, we refine the above arguments as follows. Fix a separable 
Hilbert space E and any naturafl n. Consider pairs {M,f) and triples {M,f,x), where M is a. complete 
connected Riemannian n-manifold, / € C°°{M,E) and x G M. An equivalence (j) : {M,f) -G {N,h) is an 
isometry (p : M ^ N such that (j)*h = f. If moreover distinguished points, x G M and y G N, are preserved, 
then (p : (M, /, x) —>• (iV, h, y) is called a pointed equivalence. The group of self equivalences of (M, /) is 
denoted by Iso(M, /). If there is a pointed equivalence (M, /, x) {N, h, y), then the triples (M, /, x) and 
{N,h,y) are declared to be equivalent. The equivalence class of each {M,f,x) is denoted by [M,f,x]. Let 
M*(n) denote the se10 of such equivalence classes. 

Definition 1.2. For each m e N, a sequence [Mi, fi,Xi] in M*(n) is said to be convergent to [M, /, a:] € 

M*(n) if, for each compact domaiiH H C M containing x, there is a pointed embedding (pi : {il,x) —>■ 

bt is assumed that 0 is natural. 

^Like in the cases of M* and M(n), without loss of generality, it can be assumed that the underlying set of any such M is 
contained in R, so that M* (n) becomes a well defined set. 

^Here, a domain in M is a connected C°° submanifod, possibly with boundary, of the same dimension as M. 
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{Mi,Xi) for each large enough i such that (j)*gi g\Q and ^ /|o as z —>■ oo with respect to the C™ 
topology [M Chapter 2]. If [Mi, fi, Xi\ is C™ convergent to [M, f, x] for all m, then it is said that [Mi, fi, Xi] 
is convergent to [M,f,x\. 

It is not completely obvious that this C°° convergence satisfies the conditions to define a topology 
Thus the following result is not trivial. 

Theorem 1.3. The C°° convergence in M*(n) describes a Polish topology. 


The topology given by Theorem ll.di will be called the C°° topology, and the corresponding space is denoted 
by M“(n). The closure operator in this space will be denoted by Cloo- The following maps are canonical and 
continuous: a forgetful map M“(n) —)• M“(n), [M, f, a:] [M, x\, and an evaluation map ev : M“(n) —>■ E, 

[M,f,x] !->• f{x). Note that ev : M*(0) —>• E is a homeomorphism. Moreover, for each complete connected 
Riemannian n-manifold M and any / € C°°{M, E), there is a canonical continuous map lmj ■ M —>• M“(n), 
given by = [M,f,x\, which induces a continuous injection Imj ■ Iso(M,/)\M —>■ The 

images of the maps lmj form a natural partition of M“(n), denoted by T*(n). Let C^^{M,E) be the set 
of C°° immersions M —>■ E, and let T*(n)-saturated subspace of M*(n) consisting of classes 

[M,f,x] with / G C^^{M,E). The restriction of to is denoted by Observe 

that the canonical projection M Iso(M, f)\M is a covering map if / G E). 

On the other hand, let (respectively, MJ°Q(n)) be the T* (n)-saturated subspace of M*(n) con¬ 

sisting of classes [M,f,x] such that M is compact (respectively, open). Observe that, if [N,h,y\ is close 
enough to any [M,f,x\ G MJ((.(n), then N is diffeomorphic to M. Thus MJ((.(n) is open in M*(n), and 
therefore is closed. Hence these are Polish subspaces of M*(n), as well as their intersections with 

any Polish subspace. Let n The restrictions of T*(n) to M*_c/o(^) 

and M* 4 i„m,c/o(''^) are denoted by T*^c/o(n) and T*,imm,c/o(rr)) respectively. 

Theorem 1.4. The following properties hold: 

(z) is Polish and dense in 

(zz) 5’*,imm(zi) is a foliated structure of dimension n. 

(zzz) T*,imm,o(n) is transitive. 

(iv) There is a unique C°° foliated structure on 3Vt“jjj,jj(n), whose underlying topological foliated 

structure is T*^iinm(n), such that ev : M“,j^jjj(zz) ^ E zs a C°° immersion. 

(v) There is a unique Riemannian metric on = (3VI“jjj,jj(rz), such that lmj '■ M —>■ 

i-Mj is a local isometry for all complete connected Riemannian n-manifold M and f G E). 

(vi) For all M and f as above, the map lmj ■ M —^ imzM,/ is the holonomy covering of the leaf luriMj. 


It is possible to give a version of Theorem 11.41 closer to [J Theorem 1.3], using the subspace M“,jp(n) 
consisting of the classes [M,f,x\ such that M —>• lso{M,f)\M is a covering map. Such a result could be 
proved with the obvious adaptation of the proof of [U Theorem 1.3], using the exponential map to define 
foliated charts. Instead, we have opted for studying because, in this case, the immersions / 

directly provide foliated charts. 

The following result states that is universal among the class of Polish Riemannian foliated 

spaces that satisfy a condition called covering-continuity fDefinition 16.II) . 


Theorem 1.5. A Polish Riemannian foliated space X of dimension n with complete leaves is isometric to 
a saturated Riemannian foliated subspace of if and only if X is covering-continuous. 

In Theorem fL5l when X consists of a single leaf M, the isometric injection of M into is lmj 

for any C°° embedding / : M —> E. If moreover M is of bounded geometry, then / can be chosen so that 
Cloo(iniZM./) is a compact Riemannian foliated subspace of fProDOsition l7.ll) . Then Theorem ll.il 

follows by considering the isometric injection lmj '. M —>■ Cloo(im zm,/)- 

There are examples of Lie groups with left invariant metrics that are not coarsely quasi-isometric to any 
finitely generated group H, m Applying the above argument to those Riemannian manifolds, we get 
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compact Riemannian foliated spaces whose leaf holonomy covers are not coarsely quasi-isometric to any 
finitely generated group. 

Theorem ll.ll contrasts with the examples of connected Riemannian manifolds of bounded geometry whose 
quasi-isometry type cannot be realized as leaves of foliations of codimension one on closed manifolds 
[SO], EH- If the metric is not considered, any surface can be realized as a leaf of a codimension one foliation on 
a closed manifold [5] , but this fails in higher dimension m.m.m.m.m- The study of this realizability 
problem was initiated in |34) . 

This work can be considered as a continuation of [I], and therefore many references to [T] are included. 


2. Preliminaries 


Let M be a Riemannian manifold (possibly with boundary or corners). The following standard notation 
will be used. The metric tensor is denoted by g, the distance function on each of the connected components 
of M by d, the tangent bundle by tt : PM —>■ M, the Levi-Civita connection by V, and the open and closed 
balls of center x € M and radius r > 0 by B{x,r) and B{x,r), respectively. If needed, “M” will be added 
to all of the above notation as a subindex or superindex; when a family of Riemannian manifolds Mi is 
considered, we may add the subindex or superindex “i” instead of “Mi”. A covering space of M is assumed 
to be equipped with the lift of g. 

For m G let = T ■ ■ - TM (m times); we also set = M. If Z < m, is identified with 

a regular submanifold of via zero sections, and therefore, for each x G M, the notation x may be also 

used for the zero elements of T^M^ T^TM, etc. Let tt: —>■ be the vector bundle projection 

given by composing the tangent bundle projections; in particular, we have tt : —> M. Given any G"* 

map between Riemannian manifolds, cj) : M ^ N, the induced map —>■ T^™'>N will be denoted by 

(or simply if m = 1). 

Hilbert manifolds are also considered in some parts of the paper, using analogous notation. 

The Levi-Civita connection determines a decomposition = Jf © V, as direct sum of the horizontal 

and vertical subbundles. The Sasaki metric on TM is the unique Riemannian metric g^^^ so that TC T V and 
the canonical identities =T^M = V^ are isometries for every ^ G TM m- Continuing by induction, for 
m > 2, the Sasaki metric on T^'^'^M is g(m} _ ^g(m i)^(i)_ notation is used for the corresponding 
distance function on the connected components, and the corresponding open and closed balls of center 
^ G T^^^M and radius r > 0 are denoted by B('^^(^,r) and B^"^\^,r), respectively. We may add the 
subindex “M” to this notation if necessary, or the subindex “i” instead of ‘Mi” for a family of Riemannian 
manifolds Mi. From now on, T^"‘''>M is assumed to be equipped with For I < m, T^'''>M becomes a 

totally geodesic Riemannian submanifold of T^””''>M orthogonal to the fibers of tt : T(m)M T(')M, which 
are also totally geodesic [U Remark l-(i)-(iii)] (see also [23 Corollary of Theorem 13, and Theorems 14 
and 18]). 

Let {U;x^,..., x'^) be a chart of M. As usual, the corresponding metric coefficients are denoted by gij, 
and write (g^^) = {gij)~^. Identify the functions x^ with their lifts to TU. We get a chart ..., a;(”)) 

of TM with = TU, = x^ and for 1 < f < n, where the functions give the coordinates 

of tangent vectors with respect to the local frame (9i,..., 9„) of TU induced hy {U; x^,..., x”). By induction, 
for TO > 2, let ..., be the chart of induced by the chart xp_^^,..., x^™_p) 

of r(™-i)M. 

Let fl C M be a compact domain and to G N. Fix a finite collection of charts of M that covers O, 
IX = {{Ua] x \,..., x”)}, and a family of compact subsets of M with the same index set as II, = {Kg}, such 
that H C Kg, and Kg C Ug for all a. The corresponding G™ norm of a G™ tensor T on fl is defined bj0 


||'r||c'".n,u, 3 c = max max 

\I\<m J,K 


q\i\T^ 
“’Px) 


dxi 


where T^j are the coefficients of T on Ga n H with respect to the frame induced by {Ug-, x\,..., x"). With 
this norm, the tensors on of a fixed type form a Banach space, whose nnderlying topology is called 


'^The standard multi-index notation is used here. 
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the C™ topology. By taking the projective limit as m ^ c», we get the Frechet space of C°° tensors of that 
type, whose underlying topology is called the C°° topology (see e.g. [H]). We will always consider the 
topology for tensors on O of a given type (fc € N U {cx)}); in particular, C^{^) is always assumed to be 
equipped with the topology. Observe that It and % are also qualified to define the norm || \\c^,n',u,oc 
for any compact subdomain O' C O. It is well known that || ||c™,n,u, 3 <: is equivalent to the norm || ||c™,n,g 
defined by 

\\T\\c^,n,g = max max|V'r(a;)| ; 

0<Z<m x^Q, 

i.e., there is some C > 1, depending on M, O, It, X, g and m, such that 

^ II ||c™.n,u,3c < II ||c™,n,g < CII ||c™.n,u,3c ■ (1) 

In particular, for m = 0 and / G 

ll/lln := \\f\\co,n,u,DC = ll/llcGn.g = max |/(a:)| , (2) 

which is independent of the choices U, X and g. 

The norms || ||c™,n,u, 3 C and || Hc^.n.g have straightforward extensions to tensors with values in a separable 
Hilbert space E, and satisfy the obvious versions of © and @, and C^{M,¥.) is assumed to be equipped 
with the topology (fc G N U {oo}). 

For / G recall that Vf = df (its de Rham differential). For each m, the map 

..., ^ = E^™ 

is also C°° and with values in a separable Hilbert space. In the following lemma, we consider the local repre¬ 
sentations of / and every with respect to coordinate systems {U, x^,..., x") and ..., 

of M and Moreover each function on M or U is identified with its lift to or 

Lemma 2.1. The following properties hold: 

{i) The local representation of every is a universal polynomial expression o/x"^|,..., 

partial derivatives up to order m of the local representation of f. 

(ii) For each p > 0, the partial derivatives up to order m of the local representation of f are given by 
universal linear expressions of the functions {cr^)* forn+1 < p. < where : U 

is the section of tt : —)• U determined (crp™^)*x^^^ = pSpu for n + \ < v < 2™n. 

Proof. By using induction on m, the result clearly boils down to the case m = 1. But, in this case, the 
statement follows because /* = (/, df) : TM ^ TE = E^. □ 

By using the supremum on fl instead of the maximum, the definition of || ||c™,n,g can be extended to 
any non-compact n-submanifold VL <Z M (including H = M), with possible infinite values. The tensors on 
VL with finite norm || ||c"*.n,g are said to be uniformly C™, or Cff. For a given type, they form a Banach 
space, and the corresponding projective limit as m —>■ oo is a Frechet space, whose elements are said to be 
uniformly (7°°, or (see e.g. [551 Definition 2.7] or [551 Definition 3.15]). In particular, this gives rise to 
the Frechet spaces C^{U) and C'“(D,E) when R-valued and E-valued functions are considered. 

Let N be another Riemannian manifold. Recall that a map (f: M N is called a (A-) quasi-isometry.^ 
or (A-) quasi-isometric, if there is some A > 1 such that j |^| < |^!)*(^)| < A |^| for every ^ G TM; in particular, 
(j) is an immersion. To define higher order quasi-isometries, let T-^M = { ^ G TM | |^| < r } for each r > 0. If 
M has no boundary, then T-^M is a manifold with boundary; otherwise, it is a manifold with corners. Also, 
define t(™)’^’'M by induction on to G Z+, setting t(i)’^’'M = T^''M and T^’^^’M = 

It is said that (j) : M ^ N is a (A-) quasi-isometry of order to G N, or a (A-) quasi-isometric map of order 
TO, if it is (7™+^ and : T^'^'^’-^M —>■ T^'^^N is a (A-) quasi-isometry. If (/) is a quasi-isometry of order 
TO for all TO G N, then it is called a quasi-isometry of order oo. If there is a quasi-isometric diffeomorphism 
M ^ N oi order to G N U {oo}, then M and N are said to be quasi-isometric with order to. The property 
of being a quasi-isometry of order to is preserved by the operations of composition of maps and inversion of 

^^Kronecker’s delta is used here. 
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diffeomorphisms [TJ Proposition 3.9], and therefore it induces an equivalence relation between Riemannian 
manifolds. 

For TO € N, a partial map (j) : M N is called a C™ local dijfeomorphisn^ if dom (j) and im (p are 
open in M and iV, respectively, and (p : dom0 —imi^ is a C"* diffeomorphism. If moreover (p{x) = y for 
distinguished points, x S domc^ and y G im(/), then it is said that (p : (M,x) ^ {N,y) is a pointed C"" local 
diffeomorphism. For m € N, R > 0 and A > 1, a pointed local diffeomorphism (p: {M,x) ^ iN,y) is 

called an {m, R, X)-pointed local quasi-isometry, or a local quasi-isometry of type {m,R,X), if the restriction 
(^1™^ : —>• is a A-quasi-isometry for some compact domain C dom with B^^\x,R) C 

[ 1 ] Definition 4.2]. 


3. (Partial) quasi-equivalences 

Let M and N be Riemannian n-manifolds, let / € C°“(M, E) and h € C°°(N,E), and let x G M and 
y £ N. Recall from Section [T] the concepts of an equivalence {M,f) —>■ {N,h), and a pointed equivalence 
{M,f,x) —>■ {N,h,y). Observe that ||/i™^||n(™) niakes sense for any u-submanifold C because 

we consider —>■ = E^ , with values in a separable Hilbert space. Note also that 

o for any C"" map rp : M ^ N. 

Definition 3.1. Let A > 1 and e > 0, and let ((i : M —>■ be a map. It is said that (p : (M, /) —>• {N, h) 
is a ((A,£)-) quasi-equivalence of order to G N if it is —>• is a (A-) quasi¬ 
isometry, and — ((/>*h)l’^^]| Ti^)M ^ If moreover distinguished points x and y are preserved, then 

(p : {M,f,x) —>■ {N,h,y) is called a pointed quasi-equivalence of order to. If there is a quasi-equivalence 
(M,/) —)• {N,h) (respectively, {M,f,x) —>■ {N,h,y)), then {M,f) and {N,h) (respectively, {M,f,x) and 
{N,h,y)) are called quasi-equivalent. 

Remark 1. (i) Any (A, £)-quasi-equivalence of order to > 1 is a (A, £)-quasi-equivalence of order to — 1. 

(ii) For integers 0 < to' < to, if ^ is a (A, e)-quasi-equivalence of order to, then (p^J^ ^ is a (A, £:)-quasi- 
equivalence of order m — m'. 


For a submanifold O C M and / G C°°{M,E), the notation (O, /) is used for (H, /]n). 

Proposition 3.2. The following properties hold for any to G N, A,/i. > 1 and s,S > 0; 

(i) There is some u > 1, depending on to, A and /r, such that, if cp : {M,f) —>■ {N,h) is a (A,e)- 
quasi-equivalence and ip : {N,h) {L,u) a {y, 5)-quasi-equivalence, both of them of order m, then 

tp o (p : [M, f) —>■ (L, u) is a (u, £ + 5)-quasi-equivalence of order to. 

(ii) There are some v' > 1, depending on m and X, such that, if p : {M,f) —> {N,h) is a {X,e)-quasi- 
equivalence of order m and a diffeomorphism, then : {N,h) —>■ {M,f) is a {v', e)-quasi-equivalence 
of order m. 

Proof. By [I] Proposition 3.9], we only have to check the conditions on the E-valued functions. Thus (0 
follows because, for each f G T^'^'lM, we have 




< 




< £ -b 5 . 


Similarly, follows because, for each (p G T^'^'lN, 

h<r\c) - ((r')V)l™^(c)|| = \\irh)<r^ {iP-^)’r\o) - /i’"^ 


< £ . □ 


Corollary 3.3. “Being quasi-equivalent with order m” is an equivalence relation on the sets of pairs {M,f) 
and triples {M, f, x). 


Now, suppose that M and N are connected, complete and without boundary. 


®The term “C^ local diffeomorfism” (m > 1) is also used in the standard sense, referring to any C™' map M ^ N whose 
tangent map is an isomorphism at every point of M. The context will always clarify this ambiguity. 
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Definition 3.4. Fix toGN, i?>0, A>1 and e > 0. Let (/>: (M, x) ^ (N^y) be a (7™+^ pointed local 
diffeomorphism, and let / G C°^(M,E) and h G C°^(N,E). It is said that </>: {M,f,x) ^ {N,h,y) is an 
{m, R, X, e)-pointed local quasi-equivalence, or a local quasi-equivalence of type (m,R,X,e), if there is some 
compact domain C domt/)!’"^ such that B^^\x,R) C and /i™^) —>• N, is 

a (A, e)-quasi-equivalence. 

Remark 2. (i) Any pointed local quasi-equivalence (M, /, x) ^ {N, h, y) of type {m, R, A, e) is also of type 

(m', R', A', e') ior 0 < m' < m, 0 < R' < R, X' > X and e' > e. 

(ii) Consider integers 0 < m' < m, any pointed (7™+^ local diffeomorphism </> : (M, x) ^ {N,y), and any 
/ G C°°{M,E) and h G C°°{N,E). Then (j) : {M,f,x) ^ {N,h,y) is a pointed local quasi-equivalence 
of type {m,R,X,e) if and only if (/)1™ ^ /i™ \ x) ^ N,hi"^ \y) is a pointed local 

quasi-equivalence of type {m — m', R, X, e). 

(hi) If there is an (m, i?, A, e)-pointed local quasi-equivalence {M,f,x) ^ {N,h,y), then, for all R' < R, 
X' > X and e' > e, there is a C°° (m, i?', A', e')-pointed local quasi-equivalence {M,f,x) ^ {N,h,y) 
by [T51 Theorem 2.7]. 


Lemma 3.5. The following properties hold: 

(z) If 4> : (M,f,x) ^ {N,h,y) and ip : {N,h,y) ^ {L,u,z) are pointed local quasi-equivalences of types 
{m,R,X,e) and {m, XR, X',e'), respectively, then ip o cp : {M, f,x) ^ {L,u,z) is an {m, R, XX', £-\-e')- 
pointed local quasi-equivalence. 

(ii) If (p : {M,f,x) ^ {N,h,y) is an (m,XR,X,e)-pointed local quasi-isometry, then (p~^ : {N,h,y) ^ 
{M,f,x) is an lm,R,X,£)-pointed local quasi-isometry. 


Proof. To prove (0, take compact domains, C and C such that B^^(x,i?) C 

^(m)^ B^^\x,XR) G1 (p^PT^ : —>■ (T(™^iV, is a (A, e)-quasi-equivalence, and ip^'^ : 

^ is a (A', e')-quasi-equivalence. According to the proof of [TJ Lemma 4.3-(i)], 

there is a compact domain C such that B^^\x,R) C and ) C Then 

{ip o is a AA'-quasi-isometry by [U Remark 2-(v)]. Moreover, for each ^ G 


< 


- {rh)^r\o\\ + \\hi^^ {cpi^\o) 


< £ -\- e' . 


So Ip o (p : {M, /, x) ^ [L, u, z) is an (m, R, XX', e -I- e')-pointed local quasi-equivalence. 

To prove ([iil), let C be a compact domain such that B^^\x,R) C and : 

—>• h^PT^) is a (A, e)-quasi-equivalence. According to the proof of [U Lemma 4.3-(ii)], the 

compact domain := C contains B^^\y,R). Then = (((>1™^)“^ : 

is a A-quasi-isometry by [U Remark 2-(vi)]. Moreover, for each ^ G 






< 


((^-i)M(e)) -/« {{cp-^)^r\o) 


< £ 


So (p ^ : {N, h, y) ^ (M, /, x) is an (m, R, A, e)-pointed local quasi-equivalence. 


□ 


4. The C°° topology on M»(n) 

Definition 4.1. For m € N and R,r > 0, let be the set of pairs ([M, /, x], [A^, h,y]) G M*(n) x M»(n) 
such that there is some (m, R, X, e)-pointed local quasi-equivalence (M, /, x) ^ {N, h, y) for some A G [1, e’') 
and £ G (0,r). 

Proposition 4.2. The following propertied hold for all m,m' gN and R, S,r,s > 0; 


^The following standard notation is used for a set X and relations U,V G X X X: 

U-^ = {{y,x)GXxX\{x,y)GU}, 

V o U = { (x, z) G X X X \ 3y £ X SO that (x, y) G U and {y, z) G V } . 
Moreover the diagonal of X x X is denoted by A. 
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(*) ^ 

(a) C n U'^g, where uiq = max{m, m'}, Rq = max{ii, 5} and vq = min{r, s}. 

(m) A c ’ 

(zv) 

Proof. Properties m and (Iml) are elementary, and ([I]) and (ji^ are consequences of Lemma 13.51 □ 

Proposition 4.3. p|^ ^ m € N. 

Proof. We only have to prove “C” by Proposition l4.2KliiIl) . For {[MJ,x],[N,h,y]) € nfl,r->o^^r> there 
is a sequence of pointed local quasi-equivalences 4>i : (M,f,x) ^ (N,h,y), with corresponding types 
{m,Ri,Xi,ei), such that t OO; -I 1 and J, 0 as i ^ oo. According to the proof of [U Proposi¬ 
tion 5.3], for each i, there is some subsequence 4)k(i,i) whose restriction to BMix,Ri) converges to some 
pointed isometric immersion zpi : {BM{x,Ri),x) {N,y) in the weak C™ topology, ■i/'i+i= V"* tor 
all i, and the combination of the maps zpi is a pointed isometry tp : {M,x) {N,y). For every x' G M 

and e > 0, there are some i and d > 0 so that x' G BM{x,Ri), Si < e/2, and \\h{y') — h{y")\\ < e/2 if 
dN{y',y") < S for all y',y" G BM{x,Ri). Moreover there is some I such that dN{4>k{i,i)ix'),zpi{x')) < 6. 
Hence 

||/(a;') -hozp{x')\\ < \\f{x') - h o (j)k(i,i){x’)\\ + \\h o (|)k(^J){x’) -hoiP{x’)\\ < e^+e/2 < e. 

Since x' and e are arbitrary, it follows that zp : {M, /, x) {N, h, y) is an equivalence, and therefore 
[MJ,x] = [N,h,y]. □ 

By Propositions 14.21 and 14.31 the sets form a base of entourages of a separating uniformity on M*(n), 
which is called the (7°° uniformity. 

Definition 4.4. For R,r > 0 and m G N, let be the set of pairs {[M, f,x],[N,h,y]) G M,(n) x 

M*(n) such that there is some pointed local diffeomorphism (p: {M,x) ^ {XI,y) so that jj^M — 

||c™,n, 3 M < ^ 11/ ~ ^ for some compact domain C dome/ with Bm{x, R) C fl. 

Remark 3. By o, and its version for E-valued functions, a sequence [Mi,fi,Xi] G M*(n) is C°° convergent 
to [M, /, cc] G M*(n) if and only if it is eventually irl| Dff^{M, /, x) for arbitrary m G N and R,r > Q. 

Proposition 4.5. The following properties hold: 

(i) For all R,r > 0, if 0 < r' < min{l — e^’’ — 1, r}, then C 

{ii) For all m G Z+, R,r > 0 and [M,f,x] G M*(n), there is some r' > 0 such that f,x) C 

Uff^^{M,f,x). 

Proof. Let us show (II|). If {[M,f,x], [N,h,y]) G then there is a pointed local diffeomorphism (p : 

{M,x) ^ iN,y) such that r'g := ||gM-/)*gjv||co,n.gM < and eo := ||/-(/*h||co,n,gM < for some compact 
domain H C dom/i with Bm{x, R) C Gl. Take some A G [1, e'’) such that Tq < min{l —A“^, A^ —1}. According 
to the proof of [H Proposition 6.4-(i)], </ : H — >■ iV is a A-quasi-isometry. Since moreover ||/ — (p*h\\Q < Eq, it 
follows that (/) is a (0, R, A, rg, eo)-pointed local quasi-equivalence, obtaining that {[M, /, x], [N, h,y]) G 

Let us prove ju]). Take m G Z+, i?,r > 0 and [M,f,x] G M*(n). Let IX be a finite collection of charts 
of M with domains Ua, and let % = {Ka} be a family of compact subsets of M, with the same index set 
as If, such that Ka C Ua for all a, and Bm{x,R) C Int(Ar) for K = Let r' > 0, to be fixed later. 

For any [N,h,y] G D'ff^i{M,x), there is a (7™+^ pointed local diffeomorphism (p-. {M,x) ^ {N,y) so that 
WdM — /'*37v||c'",n,gM < r' and ||/ — </*h||cm,n,gM < r' for some compact domain H C dom/i D Int(Ar) with 
Bm{x, R) C n. By continuity, there is another compact domain fl' C dom(/)nlnt(iF) such that H C Int(f2'), 
||5M-</*ff7v||c-‘.n'.gM < r'and ||/- </*h||c™,n',gM < r'- According to the proof of [B Proposition 6.4-(i)], if 
r' is small enough (depending on m, R, r and [M,x\), then there is some compact domain C 

®Given a set X, for U C X X X and x £ X, let U{x) = {y £ Y \ {x,y) £ U}. In the case of [/ C M«(n) X M*(n) and 
[M,f,x] £ M*(n), we simply write U{M,f,x). 



such that B^^\x^R) C C 7r“^(r2'), where tt : ^ M, and —>■ T^'^'^N is a A-quasi- 

isometry for some A G [1, e’"). Given e G (0, r), choose some C > 1 satisfying ([T]) for E-valued functions with 
It, 3C, ft' and g, and, according to Lemma [2. If (fill, choose some e' > 0 such that 

II/-(/)*/i||c™,n',u,3c < e' => ll/i™’- (/i*/i)l'"^||n(-) <£■ 

Suppose that r' < e' jC. Then 

||/-r^llc-,n',SM <^' ^ \\f-rh\\c^,n'.u.oc<Cr'<e' H/i’”) - < £ . 

Hence (fi is an (m, i?. A, e)-pointed local quasi-equivalence {M,f,x) ^ {N,h,y), and therefore [N,h,y] G 

uS{MJ,x). □ 

Proposition 4.6. The following properties hold: 

(i) For all i?, r > 0, if e'^^' — e~^^' < r, then C r- 

(ii) For all m G Z+, R,r > 0 and [M,f,x] G M*(n), there is some r' > 0 such that Uff^i{M,f,x) C 
Dfl^,{M,f,x). 

Proof. Let us show (|Il. If {[M, f,x],[N,h,y]) G U^^,, then there is a (0, i?. A, e)-pointed local quasi¬ 
equivalence ( j ) : {M,f,x) ^ {N,h,y) for some A G [l,e’' ) and e G (0,r'). Thus there is some compact 
domain H C dom^ such that Bm[x, R) cTL and if : (H, /) —> {N, h) is a (A, e)-quasi-equivalence. According 
to the proof of [U Proposition 6.5-(i)], ||gM - <!>*QnWc^, n,a < r- So ([M,f,xJ, [N,h,y]) G 

Let us prove (0. Let m G Z+, i?,r > 0 and [M,f,x] G M*(n). Take It, X and K like in the proof of 
Proposition l4.5K lu|. Let r' > 0, to be fixed later. For any [N,h,y\ G U]^^,{M,x), there is an (m, i?, A,e)- 
pointed local quasi-equivalence if : {M,f,x) ^ {N,h,y) for some A G [l,e’’ ) and e G (0,r'). Thus there 
is a compact domain C n Int(Ar(’”)) so that B^^\x,R) C and —>• 

(T(™)A^,is a (A, e)-quasi-equivalence. According to the proof of [U Proposition 6.5-(ii)], there are 
compact domains, C domi^l™^ and H C M, such that Int(r2'('"^), n M C H C Int(H'('"^), 

and II^M — </'*5w||c™,n.g < r if r' is small enough; in particular, Bm{x,R) C H because M is a totally 
geodesic Riemannian submanifold of Take some C > 1 satisfying © for E-valued functions with It, 

X, ft and Pm- With the notation of Section [2l for p > 0 and n -|- 1 < p < 2™n, let : Ua be the 

section of each tt : —>• Ua of the type used in Lemma [241(0 . Since fl C Int(H'(™)), there is some p > 0 

so that a^{Ka fl H) C for all a and p. Thus, by Lemma [24l (liil). there is some e' > 0, depending on 
r and p, such that 

<e' ^ II/* - rh\\c^,n,u,oc < rfC . 

Suppose that moreover r' < e', and therefore e < e'. Then 

ll/i™’ - lln-w <e<e’ ^\\f- cf* h\\c^ < r/C ||/ - </-*/i||c-,o .9 < r , 

showing that [A^, h, y] G f^^)- 

Corollary 4.7. The C°° convergence in M*(n) describes the topology induced by the C°° uniformity. 

Proof. This is a direct consequence of Remark |3] and Propositions 14.51 and 14.61 □ 

According to Corollary 14.71 the (7°° uniformity induces what was called the C°° topology in Section [T] 
Recall that the corresponding space is denoted by M“(n), and the notation Cloo is used for the closure 
operator in 

Proposition 4.8. M“(n) is separable. 

Proof. According to the proof of [1] Proposition 7.1], there is a countable family C of C°° compact manifolds 
containing exactly one representative of every diffeomorphism class, and, for every M G C, there is a countable 
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dense subset Sm of the space of metrics on M with the C°° topology. Take also countable dense subsets, 
CDm C M and Tm C C°°{M,'E). Then, like in the proof of [H Proposition 7.1], the countable set 

{ [(-^1 5 ); /) 2 ;] I M € C, g € Smj X € T> m , / G 3^m } (3) 

is dense in M“(n). □ 


Proposition 4.9. The C°° uniformity is complete and metrizable. 


Proof. According to [5S1 Corollary 38.4], the (7°“ uniformity on is metrizable because it is separating 

and the sets Uk^i/k {k G Z+) form a countable base of entourages. To check that this uniformity is complete, 
consider an arbitrary Cauchy sequence [Mi, fi,Xi] in We have to prove that [Mi, fi, Xi] is convergent 

in M“(n). By taking a subsequence if necessary, we can suppose that {[Mi, fi,Xi], [Mi+i, Xi+i, fi+i]) G 
for sequences, t 00 in N, and Ri f 00 and 0 in M+, such that Ri+i > for 

all i. Let fi = J2i>i^j- Consider other sequences R'i,Ri t 00 in K+ such that i?' < R'f < e~'"*Ri and 
i?" 

For each i, there is some (m^, A^, £:i)-pointed local quasi-equivalence (fi: {Mi,Xi) ^ {Mi+i,Xi+i), 

for some \i G (l,e’’‘) and £i G (0,ri). Then \i := nj>i X < £i := J2j>i^j < Moreover 

each (fi can be assumed to be C°° by Remark [^(Iml). For i < j, the pointed local quasi-equivalence 
ifij = (fj-i o ■■■ o (fi : {Mi,fi,Xi) ^ {Mj,Xj,fj) is of type {rui, Ri/Xi,Xi,fi) by Lemma |331-0 . 

For i, TO G N, let 


R'+i > e 


Bi Bi{xi, Rf) , 
(Xi , Ri ) 


B[ = B,{x,,R[) 




„/(m) ^ 


{Xi,R'i) 


B'f = B,{x,,R:1) , 


A bar is added to this notation when the corresponding closed balls are considered. We have (fi{Bi) C i?i+i 
because Ri+i > XiRi, and C B'J^'^ C since R'+i > XiR'f and is the restriction 

of Furthermore B[' C dom^^ and c dom^|™‘^ for i < j because R" < Ri/Xi. Therefore 

ifijiBi) C Bj and C Take compact domains, VLi C Mi and C T^'^*'>Mi, such 

that B[ C fli C Int(n-™‘^) and c C thus fli C B'f since Mi is a totally geodesic 

Riemannian submanifold of T^'^''>Mi. 

According to the proof of (TJ Proposition 7.2], there is a pointed complete connected Riemannian manifold 
{M,x), and, for each i, there is some C°° pointed map ^fi : {Bi,Xi) {M,x) such that —>• 

Ti^i)M is a Ai-quasi-isometry, and ifi = ifj o ifij for j > i. Let Bi = ipi{Bi), fli = ifi{Tli) and = 

Let fi G C°°{Bi,Vf) be determined by -if*fi = /ijs^- 

Claim 1. For all i, the sequence fj\Q. {j > i) is convergent in C™*(fli,E). 

This assertion follows by showing that the restrictions of the functions fij := ifijfj to for j > i, form 
a convergent sequence in C'^'{V.i,E). Equivalently, we show that fij\ni is a Cauchy sequence with respect 
to II \\c^i,iii,gi- For k>j>i. 


p(mi) niTTli 

Jij* J ik* 


< 

< 


Awii) _ A^i) 
J j* J jk* 




Am.i) _ A 
J jUfi J j 


Jnij 

h* 


j j+1* 

_ A'^j) 

J j j+i* 






f(mi) _ Arm) 
k — 1* k — Ik* 








Amk-i) _ r(mk-i 

^ fe —1* J k—1 k* 


(mfe_ 




< £j + . . . Ek-l < £j (4) 


because 




■'IJ* \ I J ^ TIJ* 

and = /jr;^ on n D 

Let Ui be a finite collection of charts of Mi with domains Ui^a, and let 3Ci = {Ki a} be a family of compact 
subsets of Mi, with the same index set as Ui, such that Ki^a C Ut^a for all a, and r" C =: K,. 
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Thus rii C Ki. Choose some Ci > 1 satisfying © for E-valued functions with Ui, Xi, ^}i and gi. With the 
notation of Section[2l for any p > 0 and n + 1 < p < let : Ui^a — t ^e the section of each 

^ —>■ Ui^a of the type used in Lemma lOl -dill). Since Vli C lnt(0-'"*^), there is some p > 0 so that 

p•"I '"I for all a and p. Thus, by Lemma ETTl (Ini) . given any e > 0, there is some 

i5 > 0, depending on e and p, snch that 


II fy'm-i) fijUi) II c 

114 * - fik* ^ 

For j large enongh, we have Sj < 5, giving 


114 - fik\\c’^,ni,Ui,Xi < ejCi . 


(5) 


II Arrii) _ Ami) 
11 ^ 27 * Ji/c* 


Ilf! 


(.mi) 


< Wfij — fik\\c"‘i,Q.i,Ui,JCi AejCi => Wfij — fikWc^ 




< e 


by ©, © and ©• This shows that fij\ni is a Canchy sequence in the Banach space C'"*‘(ili,E) with 
II ||c’"sni,gi, and therefore it is convergent. This completes the proof of Claim[TJ 

According to Claim[l] for each i, let /ioo = linife_j.oo/^I q. in C""‘(r2i,E). Obviously, /jocIq = fioo for 
j > i. Hence there is a function / € C'°“(M,E) whose restriction to every is fioo- From ©, we get 


II Ami) _ Ami), 

WJi* J k* I 


^^mi) < £i for k>i, yielding ||/4'^ - < e*. Hence 4 : {MiJi,Xi) ^ {M,x,f) 

is an (wi, i?', Ai, Ei)-pointed local quasi-eqnivalence. It follows that {[Mi, fi, Xi],[M ,x, f]) G for any 

seqnence J, 0 so that Si > max{ln Ai, Ei}, obtaining that [Mi,fi,Xi] -A [M,x,f] as i ^ oo in □ 


Corollary 4.10. is Polish. 

Proof. This is the content of Propositions 14.81 and 14.91 together. □ 


Corollaries 14.71 and 14.101 give Theorem 11.31 


5. Foliated structure of 

The properties stated in Theorem 11.41 are given by propositions of this section. 

Proposition 5-1. is Polish. 

Proof. For each R> 0, let Wr C be the open snbset consisting of the points [M, /, a:] snch that /|o 

is an immersion for some compact domain H C M containing Bm{x,R). Then M* 4 mm(R) = H^i i® ^ 
Gs in M“(n). So is a Polish space by Corollary 14. 101 and [20l Theorem 1.3.11]. □ 

Proposition 5-2. is dense in M4(n). 

Proof. With the notation of the proof of Proposition 14.81 M4 (r) has an open partition consisting of the 
subspaces 

M“(M) = {[M,f,x] \ f e C°°{M, E), X G M } (M G 6) . 

Thus it is enough to prove that each intersection M“(M) n is dense in This means 

that E) is dense in C°°{M,E), which follows easily from [TSl Theorem 2.2.12]. □ 

Proposition 5.3. There is a connected complete open Riemannian manifold N and some h G E) 

such that iN.h is dense in ^(n). 

Proof. In the proof of Proposition 14.81 we can assnme that Xm C E) for each M G C by [TSl 

Theorem 2.2.12]. Then the set ©, denoted here by { [{Mi, gi), fi, Xj] j * G N }, is contained in 

For every i, let = max 2 ;gMi a:), and let Bi = Bi{xi,ril2) and B{ = Bi{xi,2ri/3). Let iV be a 
C°° connected manifold obtained by modifying \_\^Mi on the complement of |Ji4> instance, we can 
take N eqnal to the C°° connected sum Mq # Mi # • • •, constructed by removing balls in the sets Mi \ B{. 
Equip N with a complete Riemannian metric g^ whose restriction to each Bi is gi. For instance, we can 
take gM = Ag' -|- pg", where {A,/r} is a C°° partition of unity of N subordinated to the open covering 
{Ui ^ Ui Bi}, g' is the combination of the metrics gi on jj^ B[, and g" is any complete metric on N. 
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Form [H Theorems 2.1.1 and 2.2.12], it easily follows that there is some h G (TV,E) whose restriction 
to each Bi is fi. It is easy to see that N and h satisfies the conditions of the statement. □ 

Remark 4. The versions of Propositions 15.21 and 15.31 with embeddings instead of immersions also hold by [T51 
Theorems 2.1.4 and 2.2.13]. 

To define foliated charts in fix some e G E, and some linear subspace, P C E, of dimension n. 

Let By : E ^ fo denote the orthogonal projection. For each complete connected Riemannian manifold M 
and any / G C']]^^(M,E), let xmj = Xv,e,MJ : M fo be the (7°° map defined by Xmj{x) = ny(/(x)-e). 
Let X = fo be defined by x([M, /, xj) = XM,f{x). 

Lemma 5.4. x *5 continuous 

Proof. The map x equals the following composite of continuous maps: 

IE E F , (6) 

where the translation by —e in E is also denoted by —e. □ 

Given p,a > 0 and k > 1, let R = Bv{Q,<j), and consider the following subsets of 

• ?\fo = iN'o(F, e, p, K, a) consists of the classes [M, /, x] G such that Xmj ■ Bm{x, p) —>• F is 

a K-quasi-isometric embedding for some p > 5p + rca and k G (1, k), and B C xmj{Bm{x, p)). 

• l\fi = lNli(F, e, p, K, a) consists of the classes [M, /, x] G IVf^jjjj^(n) such that [M, f, x'j G iMo for some 
x' G Bm{,x,p). 

• l\f 2 = 1 ^! 2 (F, e,p, K, a) := n x~^iB). 

Using [M Lemma 2.1.3], it easily follows that, for each i G {0,1,2}, the sets 'Ni(V,e, p, k, a) form an open 
covering of by varying (F, e, p, k, a). 

Lemma 5.5. xmj ■ Bm{x, 4p + na) —>■ F is an embedding for all [M, /, x] G IMi. 

Proof. For each [M, /, x] G IMi, take some x' G Bm{x,p) so that [M, /, x'j G Ffp. Then Bm{x,^p + na) C 
Bm(x' , 5p + na) and xmj '■ Bm{x' , 5p + na) —>■ F is an embedding. □ 

Let Z = iNi n x~^(0), which is closed in 1^2. For each [M, f, x] G there is some x' G Bm{x, p) so that 
[M,/, x'j G J^o. Then there is some x" G Bm{x' ,p) such that Xmj{x") — 0. Observe that [M,f,x"] G IMi, 
and therefore [M,/, x"] G Z. By Lemma Efo] x" is the unique point in Bm{x,2p) such that Xmj{x") — 0. 
Thus the class [M,/, x"] depends only on [M,/, xj. So a map 0 : Ffi ^ Z is well defined by setting 
0([M,/,x]) = [M,/,x"]. 

Lemma 5.6. 0 is continuous. 

Proof. Consider a convergent sequence [Mi,fi,Xi] — [M,f,x] in Take points x' G Bi{xi,2p) and 
x' G Bm{x',2p) such that XMij^x'fj = xmj{x') = 0. Thus <d([Mi, fi,Xi]) = [Mi,fi,x[] and 0([M,/,x]) = 
[M, /, x'j. 

Given m G N and R, r > 0, for i large enough, there is an (m, i?, Ai, ei)-pointed local quasi-equivalence 
(fi : {M,f,x) ^ {Mi,fi,Xi) for some Xi G (l,e'’) and Si G (0,r). Suppose that R > 3p and e’’ < 3/2; in 
particular, Bm(x,3p) C dom(/>i. 

Claim 2. Bi{xi,2p) C (fi{BM(x,3p)). 

The set A = Bi(xi,2p) n (fi{BM{x,3p)) contains xi and is open in the connected space Bi{xi,2p). Then 
Claim[^follows by showing that A is also closed in Bi{xi,2p). This holds since A = Bi{xi,2p)f^(j)i{B m{x, 3p)) 
because, for every y € M with dM(x,y) = 3p, we have 

di{x„ (f.iy)) > ^dM{x,y) > 3pe~^ > 2p . 

According to Claim [21 there is some x' G Bm{x,3p) such that (fi{x'f) = x'. We have 

dM{x',Xi) < k\\xmj{x') - XMj{Xi)\\ = K\\xMj{Xi) - XMijAx'M 

< i^Wfix'i) - Mx'i)\\ = K\\f{x'i) - fiO </(x')ll < KEi < nr . 


12 





Therefore, by the continuity of lmj, for any S', s > 0, if r is small enough and i large enough, there is an 
(to, S, ^j,i, di)-pointed local quasi-equivalence : (M, /, x') ^ (M, /, x') with fj,i G (1, and <5^ G (0, s/2). 
On the other hand, observe that (/i : {M,x),f) ^ {Mi,fi,x'j) is an {m,R — 2p, Ai, £i)-pointed local quasi¬ 
equivalence. Hence, if moreover R > -I- 2p and r < s/2, we get that /, x') ^ (Mi, fi,x'^) is 

an (to, S, piXi, di-I-Ei)-pointed local quasi-equivalence with piXi G (1, e®) and St+et G (0, s) by Lemma 15751 -(III). 
This shows that [Mi,/i,x'] ^ [M,/, x'] in M“(n). □ 

Let $ = (x, 0) : 7^2 H X Z. 

Lemma 5.7. $ is bijective, and $“^(?;, [M, /, x]) = [M, /, x'\ for each (v, [M, /, x]) G H x 2., where x' is the 
unique point in Bm{x, 2p) D X~m 

Proof. To prove that $ is injective, let [Mi,fi, Xj] G (^2 (* G {1, 2}) such that $([Mi, /i, xi]) = $([M 2 , / 2 , X 2 ]); 
i-e-, XMufli^i) = XM 2 ,f 2 (.^ 2 ) and [Mi,/i,x'i] = [M 2 ,/ 2 ,xy for points x' G Bi{xi,2p) with XMiji{x[) = 
0. Thus there is a pointed equivalence (j) : {Mi, fi,x[) {M 2 , f 2 ,X 2 ). We get (/{xi) = X 2 because 
XM 2./2 ° (/{xi) = XMijdxi) = XM 2 j 2 ix 2 ), the map xm^j, ■ (Bi(x', 2p), x') (H, 0) is a pointed em¬ 

bedding iLemma 15.51) . and Xi G Bi{x{,2p). So (f : (Mi,/i,xi) —>■ {M 2 , f 2 ,X 2 ) is a pointed equivalence, and 
therefore [Mi,/i,xi] = [M 2 ,/ 2 ,X 2 ]. 

Now, let us prove that $ is surjective, showing the stated expression of Let {v, [M,f,x\) G B x Z. 
There is some y G Bm{x, p) such that [M, f, y] G Nq. So there is some x' G BM{y, p) such that Xmj{x') = v. 
It follows that [M,/, x'] G Ni, 0([M,/, x']) = [M,f,x] and x([M,/, x']) = v. Therefore [M,/, x'] G ^2 and 
$([M, /, x']) = (z;, [M, f, x]). Moreover x' is the unique point in Bm{x, 2p) D Xm/(^) by Lemma 15751 □ 

Lemma 5.8. is continuous. 

Proof. Consider a convergent sequence {vi, [Mi, fi, Xi]) — >■ {v, [M, f,x]) in B x Z. Take points x' G Bi{xi, 2p) 
and x' G Bm{x,2p) such that XMi.fAx'/) = Vi and Xmj{x') = v. Thus $“^( 1 ;*, [Mi,fi,Xi]) = [Mi,/i,x'] and 
$-i(u, [M,f,x]) = [M,f,x']. 

Given to G N and i?, r > 0, if z is large enough, then ||n — zziH < r, and there is an (to, R, A^, Ei)-pointed 
local quasi-equivalence (/i : {M, f, x) ^ {Mi,fi, Xi) for some Xt G (1, e’’) and £i G (0, r). Suppose that R > 3p 
and e’’ < 3/2; in particular, Bm{x, 3p) C douKpi. Like in Claim[5J we get Bi{xi, 2p) C 4>i{BM{x, 3p)). Then, 
since x' G Bi{xi, 2p), there is some x' G Bm{x, 3p) such that 4>i{x'i) = x'. We have 

dM{x',x'i) < K||xM./(a;') - Xmj{x{)\\ <k{\\xmj{x{) - XMuhix'M + Ik-'Czll) 

< (ll/(^i) - Mx'i)\\ +r) = k(||/(x') - f,o </(x')|| +r) < K.{ei + r) < 2Kr . 

Hence we get [Mi, fi, x(] ^ [M, f, x'] in M“(n) like in the end of the proof of Lemma 15761 □ 

Corollary 5.9. $ is a homeomorphism. 

Proof. This follows from Lemmas 15.4115.6115.71 and 15.81 □ 

Lemma 5.10. If [M, f, x] G x~^{B) and [M, f, x'] G 2 for some x' G Bm{x, 2p), then [M, f, x] G N 2 . 

Proof. Let v = x([M, /, x]) G B. By Lemma 15771 there is some x" G Bm{x',2p) such that [M,f,x"] G JI 2 
and <i)([M, /, x"]) = (z;, [M,f,x']). Then x = x" by Lemma 15751 applied to XM,f '■ Bm{x', 2p) -^V. □ 

Take {V, e, p, k, a) like {V, e, p, k, a). Let Nj = l\ri(H, e, ft, k, a) for i G {0,1, 2}, and let $ = (x, 0) : N 2 —>• 
H X 2 be defined like $ = (x, 0) : N 2 —>• H x 2, using {V, e, p, k, d). Moreover, for each [M, f, x] G M“(7r), 
let Xmj '■ M ^ V he defined like Xmj ■ M ^ V, using Hp and e. Suppose that N 2 D 3^2 7^ 0, and consider 
the map $ o : $(3^2 D 3 ^ 2 ) —^ 4>(3\f2 fl 342). 

Lemma 5.11. Let {v, [M,f,x]) G $(3420342). Then $o$“i(z;, [M,f,x]) = {v, [M,f,x]), where x G Xm j(0) 
is determined by the condition 

Bm{x, 2p) n Bm{x, 2p) n XMji^) 1^ 7^ 0 > (i") 

and V is the image of v by the composite 

Xm)/ XM.f ~ , 

-^ O -7 XM,f{0) , 


XMj{0) 
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where O = Bm(x, 2p) n Bm^x, 2/5). 

Proof. Let [M,f,x'] € 5^2 fl 5^2 such that $([M,/, cc']) = {v,[M, f,x]) and $([M,/, x']) = {v,[M, f,x]). 
By Lemma [5.71 this means that XM,f(x) = XM,f{x) = 0, x' G Bm{x, 2 p) n Bm{x, 2 p), Xmj(x') = v and 
Xmj{x') = V, obtaining ([T]) and (|S]). Note that ([5]) makes sense by Lemma [F3] 

Now, assume that © also holds using another point y G Xm/W instead of x. Thus there is some 
y' G Bm(x,2p) n Bm{x,2p) with w := XmjW) and w := XMjiv') = B. Then [M,f,y'] G N 2 by 
Lemma 15.101 and $([M, /, y'\) = (ru, [M, /, x]) and $([M, /, y'\) = (w, [M, /, y]). We have 

duix, y) < dMix, x') + dM{x', y') + duiy', y) < 4p + k||u - w\\ <^p + ka . 

Since moreover Xmj{x) = 0 = XM,f{y), we get x = y by Lemma 1531 □ 

Proposition 5.12. All possible maps ^ ^ BxZ form an atlas of a C°° foliated structure on 

Proof. The maps ^ : 1^2 ^ B x Z are homeomorphisms ICorollarv 15.911 . All possible sets N 2 form an open 
cover of Moreover, in Lemma 15.111 it follows from ([7]) that [M,/, x] depends only on [M,/, x]. 

Thus all possible maps $ : N 2 —>• i? x Z form an atlas of a foliated structure on 

With the notation of Lemma [5.111 and the terminology of [2 Section 2.1], it only remains to show that 
$ o is C°°; i.e., to prove that the mapping (u, [M,/, xj) !->■ u is C°°. First, note that, for each fixed 
[M,/, x], the mapping w 1 -^ u is (7°° because ([8]) is C°°. Consider now a convergent sequence [Mi,fi,Xi] —>■ 
[M, /, x] in Z. Let Xi G Xm; ft (0) determined by 

BM{xi, 2 p) n BMixi, 2 p) n XMij'i idd) C XMij'i (dd) 0 j 

and let Oi = BM{xi,2p) n Bm{x,2p). Given m G N and R,r > 0, for each i large enough, there is an 
(m, R, A/, £i)-pointed local quasi-equivalence (fi : {Mi, fi, xt) ^ (M, /, x) for some \i G (1, e’’) and Si G (0, r). 
Let be a compact domain in domt))-™^ such that Bf^\xi,R) C and fl^'^) —t 

/i™^) is an (e^, A/)-quasi-equivalence. Since = 11^2™ : = E™ —>■ = P^’”, we 

have 


“ (am./ o < Wifi - e)!™^ - ((/ - e) o 


■)(-) 


- {<i>tff: 


(m) 


,(m) 


<£i<r . (9) 


Assume that R > 2e^p. Then Bi{xi,2p) C Bi{xi,R), and, like in Claim [2 we also get Bm{x,2p) C 
(j)i{Bi{xi,R)). Thus Oi C Bi{xi,R) and O C (j)i{Bi{xi, R)). Let 5 C XM,f{0) be a compact domain, which 
is also contained in XMiji{Oi) for i large enough. Let be a compact domain contained in pl^lE such 
that 

5 c Int(5(™)), {xm] 2 c nr(™)o, , (xm c . 


Since the restrictions of (xjv//)*™^ (xmj)*^^ to the respective compact domains and X/y'd 

TP^'>0 are C°° embeddings, these restrictions are y-quasi-isometric for some y > 1. Hence, by (l9|), 

dt^^ {{f>i°XM,j,ff^\0AXMj)^f^\0) < iXMj o (fi O xf}.j.)^r\£.) - i 

= V iXMj O(fi0xf^.j.)‘'r\0 - {XMuh°Xl^^jff^\f) <i^r, (10) 

for all f G On the other hand, like in ([9]), we get 

< r . (11) 


•~rm) /~ i \v'' 

Ak./i* “ (am./ 0 9i)* 
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Combining (fTUl) and (ITT]) , we obtain the following for all ^ € ’^i^) ■ 


{.XMiJi o - iXMJ o XMj)''^’iO 


-1 


< 


iXMufi o - iXMj 0(j)i0 xl^,j,)i""\0 

{xmj o (/>i o Xm-,/,)*’"HC) - (xm./ o Xmj)*™HO 

< r + {{(t)^ O (Xmj)1 "'^(C)) < (1 


+ iy^)r . 


Note that the same choices of ^ and are valid for all r small enough, obtaining that {xMiji “Xm^ /i 
(xmj o uniformly on . Moreover the same choice of S is valid for all m, and therefore 

XMiji o X~Mi fi Xmj o X~m f on S with respect to the C°° topology by the obvious version of Lemma ETT] 
for maps between open subsets of R.”. Since every point in Xmj(0) belongs to some domain S as above if 
r is chosen small enough, it follows that $ o is (7°°. □ 


Now, let denote the C°° foliated structure on defined by the maps $ according to 

Proposition 15.121 


Proposition 5.13. The following properties hold: 

(i) is the unique C°° foliated structure on such that its underlying topological foliated 

structure is 5’*,imm(''T') and ev : —>■ E zs a C°° immersion. 

(ii) For each [M,f,x] G ^^6 niap lmj '■ M —>■ rmiMj is a local diffeomorphism, where the leaf 

unbMj is equipped with the C°° structure induced by 

Proof. Take a foliated chart $ : 1512 —>■ i? x Z as above. For each [M, /, x] € Z, the restriction of evotb”^ to 
B X {[M, f,x]} = B is the composite 

-1 

B BM{x,2p)nxM]fiB) E, 

where the first map is a C°° diffeomorphism, and the second one is a C°° immersion. Take a convergent 
sequence [Mi, fi, Xi] [M, f, a;] in Z, and let 5 C i? be any compact domain. Given R> 2p and a compact 
domain Gl C M containing Bm{x,R), there is a C°° pointed embedding (j)i : (Tl,x) —>• (Mi,Xi) for i large 
enough such that (j)*gi —5> qm and —)• / on 11 with respect to the C°° topology. So Bi(xi,R) C 

for i large enough. Thus also 4’iXMi,fi Xmj on H with respect to the C°° topology, and therefore 
(j)~^ o xf^. f. —>■ Xm / on 5 with respect to the C°° topology [TSl p. 64, Exercise 9]. Hence 

° ^MiJi ~ f° ^MJ = o XMiji ~ ^Mj) + (/* ° - f) ° Xmj ^ 0 

on 5 with respect to the C°° topology. Since any element of B is contained some 5 as above, it follows 
that evo$“^ is a C°° immersion, and therefore ev : —)> E is C°° with respect to This 

shows (P, except uniqueness. 

According to Lemma 15771 for each chart $ : N 2 ^ H x Z, the plaque that corresponds to each [M, f,x]GZ 
is iMj(BM(x, 2p) n X~M f(B)). Moreover the composite 

Bm(x,2p)Fx'mj(B) > tMj{BM{x,2p)^XM:j(B)) —^ B 

is the diffeomorphism xmj '■ Bm{x,2p) Fx'm f(B) B. This shows that the leaf topology on 
equals the topological sum of all possible spaces im lmj with the topology so that Imj : M —>■ im lmj is a 
local homeomorphism, obtaining that these spaces are the leaves because they are connected. It also follows 
that Imj '■ M —>■ im Imj is a local diffeomorphism for each leaf im lmj. This shows ©• 

Now, suppose ev : —>• E is (7°° with respect to some C°° foliated structure S whose underlying 

topological foliated structure is Then y : ^ F is also (7°° with respect to S because 

it equals the composite (Ip. So each chart $ = (y, 0) : N 2 —>• i? x Z is also C°° with respect to S and 
the (7°° product foliated structure of H x Z. Moreover, for all complete connected Riemannian manifold 
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M and / S the map lmj ■ M imiM,/ is a C°° local difFeomorphism with respect to the C°° 

structure induced by 9 on the leaf imiM,/ because ev is a immersion and evotM,/ = /, which is a 
C°° local embedding. Thus the restriction of y : IN '2 —>■ .B to each plaque is a (7°° diffeomorphism. Using 
again m p- 64, Exercise 9], it follows that $ : 3\r2 —>■ B x 2. is also (7°° foliated diffeomorphism with respect 
to the restriction of 9 and the C°° product foliated structure oi B x Z. This shows that 9 = 
completing the proof of (j!]). □ 


Consider a leaf im lmj of Every x € M has an open neighborhood 17 in M so that / : C7 —>■ E 

is an embedding, obtaining that (j){U) Ci U = 0 for all 0 e Iso(M,/) \ {idAf}- Therefore the subgroup 
Iso(M, /) C Iso(M) is discrete, the quotient projection M —Iso(M, f)\M is a covering map, and there is a 
unique Riemannian structure on the manifold Iso(M, f)\M so that M Iso(M, f)\M is a local isometry. 
Moreover lmj ■ M —J- uxitM.f induces a diffeomorphism Tmj ■ Iso(M,/)\M —>■ imtM,/- Thus lmj '■ M —>■ 
im Lmj is a covering map, and imiMj has a unique Riemannian metric so that lmj '■ M —^ im lmj is a 
local isometry, and therefore Imj ■ Iso(M,/)\M —im tMj becomes an isometry. 


Proposition 5.14. The above Riemannian metrics on the leaves of form a (7°° Riemannian 

metric on T“i„^(n)). 


Proof. Let $ = (y, 0) : 7^2 — >■ B x 2 be defined by any choice of (U, e, p, k, a) as above, and let [Mi, fi, Xi] — >• 
[M, f, x] be a convergent sequence in 2. Let gM and gi be the metrics on B that correspond to gM and gi 
by the diffeomorphisms 

XMJ ■ P ■■= BMix,2p)nxMjiB) B , XMiji ■■ Pi ■■= B,{xi,2p)nxMijS^) ^ ^ > 

respectively (see Lemma IST tI) . According to the proof of ProDOsition l5.13l -(lul). we have to prove that gi —>■ gM 
as f —>■ 00 in the weak C°° topology. 

Given m € N, i?, r > 0, for each i large enough, there is an (m, i?, A^, ei)-pointed local quasi-equivalence 
(fi : {M,f,x) ^ {Mi,fi,Xi) for some \i € (l,e’') and G (0, r). Assuming R > 2e^p, we get Bm{x,2p) C 
Bm{x,R) and Bi{xi,2p) C <j)i{BM{x, R)), like in the proof of Proposition 15.121 Take a compact domain 
C such that B^^\xi,R) C and 0-™^ : is a (A^, ei)-quasi-isometry. Let 

5 C R be a compact domain, and let be a compact domain contained in T^^'>B such that 


5 C Int(5(™)) , nT(’”)p C , {xM]jji^\E^"^^)nT^^')R C ■ 

Like in (IIOL there is some i' > 1, independent of i, such that 


4”’(W»(x7pl">(o) 


< vr , 


for all f G ^(™)_ Since the choice of is valid for all r small enough, it follows that (fi^ o XjJ. f. —t Xm f 
in C'^{'E.,M) by the obvious version of Lemma [2.11 for maps between manifolds. Since the choice of 5 is 
valid for all m, it follows that this convergence also holds in C°° {E, M). Take a compact domain ft (Z M 
such that Bm{x,R) C Tl and (j)*gi —>■ gM on 12 with respect to the (7°° topology. We get 


(C' o XM]j, n^*9^ - 9 m) ^ (Xmj)*0 = 0 


on with respect to the (7°“ topology. So 


gi-gM = ixM.jXdi - {xXjTgM 

= o RMiJXX^g^ - 9 m) + {(t>X ° xXijXSM - ^ 0 

on 5 with respect to the C°° topology. Since every point in B belongs to some domain 5 as above if r is 
chosen small enough, it follows that gi — gM 0 on B with respect to the weak C°° topology. □ 


Proposition 5.15. The holonomy covering of any leaf imiMj 0 /*5 lmj ■ M imiMj- 

This proposition follows directly from the obvious version of [TJ Lemma 11.9] for 
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6. Universality 


Definition 6.1. Let X be a sequential Riemannian foliated space with complete leaves, and let denote 
the leaf through every x & X ^ whose holonomy covering is denoted by It is said that X is covering- 

continuous when there is a connected pointed covering (Lx,x) of {Lx,x) for all x G X such that [Lxi,Xi] 
is (7°° convergent to if —>■ a; is a convergent sequence in X. When this condition is satisfied with 

Lx = for all a; € X, it is said that X is holonomy-continuous. 

Remark 5. Observe the following: 

(i) Covering-continuity and holonomy-continuity are weaker than covering-determination and holonomy- 
determination [U Definition 12.1], which were defined by using “if and only if” instead of “if”. 

(ii) The condition of being covering-continuous is hereditary (by saturated subspaces). 

(iii) Covering/holonomy-continuity/determination have obvious generalizations to arbitrary Riemannian 
foliated spaces by using nets instead of sequences. 

Example 6.2. The following simple examples clarify Definition 16.11 

(i) The Reeb foliation on with the standard metric is covering-continuous, but it is not holonomy- 

continuous with any Riemannian metric. If the metric is modified around the compact leaf x 

so that the diffeomorphism {x, y) i—(y, x) of is not an isometry, then this foliation becomes non- 
covering-continuous. 

(ii) The Riemannian foliated space of |22l Example 2.5] is covering-determined but not holonomy-continuous. 
This example can be easily realized as a saturated subspace of a Riemannian foliated space where the 
holonomy coverings of the leaves are isometric to M. So holonomy-continuity is not hereditary. 

(iii) is holonomy-continuous. However it is not holonomy-determined for n > 1 by [T] Remark 10- 

(iii)], since there are different points with isometric pointed holonomy covers of the corresponding 
pointed leaves. To see this, take any connected complete Riemannian n-manifold M, and some x G M 
and /,/' S such that f{x) ^ /'(x). Then iMjix) ^ cm, fix), but (M, x) is isometric to 

the holonomy covers of the pointed leaves (imfM,/UM,/(a^)) and (imfM,/'UM,/'(a^))- 

Proposition 6.3 (Cf. [H Theorem 11.4.4]). For any Polish C°° foliated space X with complete leaves, there 
is a C°° embedding X —>■ E. 

Proof. This is an adaptation of the usual argument to show the existence of (7°° embeddings of C°° manifolds 
in Euclidean spaces m Theorem 1.3.4]. Let n = dimX (as foliated space), and let Br = ilRn(0, r) and 
Br = i?Rn (0, r) for each r > 0. 


Claim 3. Let Z he a Polish space, and consider the C°° foliated structure on {7 := B 2 x Z with leaves 
B 2 X {*}. Let V and W be open subsets of U such that V C W and W C Bi x Z. Then there is some 
h G C°°iU) such that h= \ on V and supp h CW. 


Since Hi is compact, it easily follows that each z G Z has an open neighborhood Pz in Z such that, 
for some open subsets Gz,Hz C B 2 with Gz C Hz and Hz, C Hi, we have V fl (Hi x Pz) C Gz x Pz and 
Hz X Pz C W. Let {Ai} be a partition of unity of Z subordinated to the open cover {Pz \ z G Z}; in 
particular, for every i, there is some Zi G Z so that suppAi C Pz,. Let hi G (7°°(H2) such that hi = 1 on 
Gzi and supph^ C Hz,. Then hiXi G G°°(U), hiXi = Xi on Gz, x Pz, and supp (hiXi) C Hz, x Pz,. It follows 
that h = J2i satisfies the properties stated in Claim [3] 

Now, let 11 be a countable collection of C°° foliated charts (fi : U 2 ,i B 2 x Zi oi X such that the open 
sets Ui,i := (j)~^iBi x Zi) cover X. Using the paracompactness and regularity of X, a standard argument 
gives locally finite open covers, V = {Vi} and W = {Wi}, with the same index set as 11, such that Vi C Wi 
and Wi C Hiy. For each i, let E^ be a copy of E. Take embeddings ifi : Zi ^V.i (9] Corollary IX.9.2]. Thus 
each composite 


U2 


H 2 X Ei -A R" X E, =: E, 
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^ B 2 X Z, 




is a C°° embedding with respect to the restriction of 3^, which will be denoted by (/>i. By Claim [31 there 
are functions hi G C°°{U 2 .i) such that hi = \ on Vi and supph^ C Wi. Then a C°° embedding f : X ^ 
0,^Ei ^ E is defined by f{x) = J2a ha{x)^i^^. 

□ 

Proof of Theorem \1.5[ The Polish Riemannian foliated space has complete leaves and is holonomy- 

continuous (Example 16.21 - dm)) !. Thus any Polish Riemannian foliated subspace of is also covering- 

continuous (Remark j^dni)). 

Let X be any covering continuous Polish Riemannian foliated space with complete leaves. By Propo¬ 
sition 16.31 there is a C°° embedding / : X —>■ E. With the notation of Definition 16.11 suppose that the 
covering-continuity of X is satisfied with the connected pointed coverings {Lj;,x) —>• {Lx,x) (x G X). Let 
[xj : W ^ be defined by ixj{x) = [L^J^.x], where is the lift of /|l^ to This map is 

well defined because the leaves of X are complete. Moreover it is obviously foliated and continuous by the 
definitions of covering-continuity and the topology of 

To show that txj is C°°, take a foliated chart $ = (y, 0) : ?\f 2 —!> i? x Z of defined by any 

choice of {V, e, p, k, a) as above. Let U be the domain of a foliated chart of X such that txj{U) C 1^2- Then 
the composite 

U > X 2 —^ B 
is equal to By o (/ — e), and therefore it is C°°. 

Finally, txj is a C°° embedding because the composite 

equals the C°° embedding /. □ 

7. Realization of manifolds of bounded geometry as leaves 

Proposition 7.1. Let M be any connected, complete Riemannian n-manifold of bounded geometry. Then 
there is a C°° embedding / : M —>■ E such that Cloo(imfM,/) is a compact subspace of . 

Proof. Let = i?Rn(0,r) for each r > 0. By the bounded geometry of M, there is some r > 0, smaller 
than the injectivity radius of M, such that the following properties hold: 

(i) For the normal parametrizations Kx ' Br ^ BM{x,r) (x G M), the corresponding metric coefficients, 
gij and as a family of C°° functions on Br parametrized by x, i and j, lie in a bounded subset of 
the Frechet space C^{Br) [281 Theorem A.l], [SH Theorem 2.5] (see also [26l Proposition 2.4], [l0]L 

(ii) There is some countable subset {a:i|jGN}cM and some c G N such that the family of balls 
BM{xi,r/2) covers M, and BM{x,r) meets at most c sets BM{xi,r) for all a; G M [331 A1.2 and A1.3], 
[331 Proposition 3.2]. 

Let Ki = Kxi for each i. 

Claim 4. There is a partition of N into finitely many sets, /i,..., Ic+i, such that BM{xi,r) fl BM{xj,r) = 0 
for i & Ik and j G /; with k ^ 1. 

This claim follows by considering the graph G whose set of vertices is N, and such that there is a unique 
edge connecting two different vertices, i and j, if and only if BM(xi,r) n BM{xj,r) ^ 0. Since there are at 
most c edges meeting at each vertex according to dUD, G is c -b l-colorabl43; i.e., there is a partition of N 
into subsets, Ii,..., Ic+i, such that there is no edge joining any pair of different vertices in any Ik. 

Let S be an isometric copy in of the standard n-dimensional sphere containing the origin 0. Choose 
some spherically symmetric G°“ function p G G°“(IR") such that p{x) = 1 if |a:| < r/2 and p{x) = 0 if |x| > r. 
Take also some C°° map r: R" —>■ that restricts to a diffeomorphism Br —t S' \ {0} and maps R" \ Br 


®The notation is used for the Hilbert space direct sum of a family of Hilbert spaces i.e., the Hilbert space completion 

of Fi with the scalar product (('I’i), {vj ^Wj). 

^^This easily follows by induction, assigning to each i a color different from the colors of the previous vertices that are 
neighbors of i, which is possible because there are at most c of them (see El). 
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to 0. Let Pi be the extension by zero of po k- ^ to the whole of M, and let Pi- For each k, define 

:M ^ R"+2 by 

I (^p^{x)/i, p^{x) ■ T o K~^{x)) if X G BM{xi,r) for some i € l'^ . 

So o Kj = {p/i,p ■ t), obtaining that, for every multi-index a, the function |9a(/* o Ki)| is uniformly 
bounded over Br by a constant depending only on |a|. Let / = (/^,..., : M —>■ We have 

supj^^ IV™/I < oo for each m G N by (Q). Moreover f^oKi = (l/i,T) on - 6 ^/ 2 , obtaining that / is a (7°° 
embedding, and infM | A" I > 0 by (HI). By taking any isometric linear embedding of into E, 

we can consider .valued functions as E-valued functions; in particular, this applies to /. 

Claim 5. Cloo(im6 m,/) C 

This claim is true because, for all [N,h,y] G Cloo(im 6 M,/), it is easy to see that infA 6 |A"rf^| > 
infM I A df\>0, obtaining that h is an immersion. 

Claim 6 . Cloo(im 6 M,/) is compact. 


This assertion follows by showing that any sequence in im Imj has a subsequence that is convergent in 
Assume first that the sequence is of the form [M,f,Xi^\ for some sequence of indices ip. Since 
Cloo(ini 6 M) is compact in M“(n) by [3 Theorem 12.3], we can suppose that [M,Xi^] converges to some 
point [N, y] in M“(n). Take a sequence of compact domains fig in N such that BN{y, g -|- 1) C fl,. For each 
q, there are pointed local embeddings (j)q^p : {N,y) ^ {M,Xi^), for p large enough, such that fl, C dom^^^p 
and 4'*q^pgM —t gN on CLq with respect to the topology. Let hq^p = 4‘q,pf on V,q. It is easy to see that, for 
all naturals q and m, the sequence ||/ig,p||c'".n,.gw is uniformly bounded. Hence the functions hq^p form a 
compact subset of with the C°° topology by [TJ Proposition 3.11]. So some subsequence 

hq,p{q,i) is convergent to some hq G IRF-i-i)("+2)) with the C°° topology. In fact, arguing inductively 

on q, it is easy to see that we can assume that each is a subsequence of hq^p^q^ip and therefore 

hq+i extends hq. Thus the functions hq can be combined to define a function h G C°°{M, ]R.('=+i)("+2)). Take 
sequences of integers, Iqt oo and f oo, so that 


11^ ,n,,gAr — ll^g ,n,,gAr 0 . 


Then, considering h as an E-valued function, we get that [M, /, —>• [N, h, y] in M“(n) as q —>• oo. 

Now take an arbitrary sequence [M,f,Xp] in im 6 M./- By ([n|), there is a sequence of naturals, ip, such 
that dM{x'p,Xi^) < r/2. By the above case in the proof, after taking a subsequence if necessary, we can 
assume that [M,f,Xi^\ is convergent to some point [N,h,y\ in M“(n). Thus, given sequences, mj t oo 
in N, and Sj t oo and Sj 0 in R+, there is some sequence pj t oo in N such that there exists some 
{mj,Sj -I-e'*^r/2, Aj, ej)-pointed local quasi-equivalence : {N,h,y) ^ {M, f,Xi^.) for some Xj G [l,e®^) 
and £j G (0,Sj). Since j/' := (j)~^{x'p.) G e®^r/2), it follows that (j)j : {N,h,y'j) ^ {M,f,Xp.) is 

an (mj, Sj, Aj, Ej)-pointed local quasi-equivalence, showing that [M,f,Xp^] G U^^\.{N,h,y'j). On the other 
hand, since the sequence j/' is bounded in N, we can suppose that it is convergent to some y' £ N hy taking 
a subsequence if necessary. Hence [N, h, y'j] [A^, h, y'] in M“(n) by the continuity of tN,h- Hence there are 
sequences, nj t oo in N, and Tj t oo and tj | oo in R+, such that [N,h,yl] G ( for j large 

enough. So 


[M,/,x;jGt/™A,ot/, 


e ^Ti,t 


{N, h, y') C (N, h, y') 


for p large enough by Propositionn 14.21(11^ . This shows that [M,f,Xp.] —>■ [N,h,y'] in M“(n), completing 
the proof of Claim [51 □ 


Proof of Theorem M.ll Given a connected, complete Riemannian n-manifold M of bounded geometry, by 
Proposition rm and Theorems oi and nn Cloo(im 6 M,/) is a compact Riemannian foliated subspace of 
Moreover lmj '■ M — 5 > im 6 M./ is an isometry because / is an embedding. □ 
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8. Open problems 

Question 8.1. In Theorem 11.11 is it possible to get the Riemannian foliated space so that its leaves have 
trivial holonomy? 

Question 18.11 can be reduced to the following question, in the same way as Theorem 11.11 follows from 
ProDOsition l7.ll 

Question 8.2. In ProDOsition l7.ll is it possible to get / such that moreoveiF^ Iso(iV, h) = {idM} if im iN,h C 

ci 

OO (im tM./)? 

In turn, Question l8.2l can be reduced to the following graph version. Consider only connected graphs with 
a countable set of vertices, all of them with finite degree. These graphs are proper path metric spaces in a 
canonical way so that each edge is of length one. Thus they define a subspace S* of the Gromov space M* 
of pointed proper metric spaces. Decorate such graphs with maps of their vertex set to N. This gives rise 
to a space S* of isomorphism classes of pointed decorated graphs, like in the case of M“(u). Let Cl denote 
the closure operator in S*. For each decorated graph (G, a), let Iso(G, a) denote its group of isomorphisms. 
There is a canonical map ic,a '■ G S*, like the above map cmj- It is said that G is of bounded geometry 
if there is a uniform upper bound for the degree of its vertices. 

Question 8.3. For any graph G of bounded geometry, does there exist a finite valued decoration a so that 
Iso(iL,/3) = {id} for all decorated graph with C Cl(im6G,Q)? 

There are aperiodic tilings of ffi. (like the Fibonacci tiling), or elements of {0,1}^, giving rise to examples 
of decorations of the Cayley graph of Z satisfying the condition of Question |531 (see e.g. [IS]). If Question l8.3l 
had an affirmative answer, then, in the proof of ProDOsition l7.ll we could take a finite valued decoration a 
of G satisfying the condition of Question 18.31 and modify the definition of / so that 

fix) = {fix) ■ [aii) + l/i),p^ix) ■ T o K^ix)) 

if X G Bm{ xi, r) for some i £ I^. This would give affirmative answers to Questions 18.21 and 18.11 
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